This paper deals with numerical approximation of the following quasilinear parabolic equation
INTRODUCTION
Consider the following parabolic quasilinear problem:
u t = u 1+γ u xx , (x, t) ∈ (0, 1) × (0, T ), u x (0, t) = −u q (0, t), u x (1, t) = 0, t ∈ (0, T ),
where γ > 0 and q > 0 are given constants, and u 0 is a positive bounded smooth function defined on [0, 1] such that u 0 (0) = −u q 0 (0) and u 0 (1) = 0. The problem (1.1) arises in fluid dynamics, which is essentially the study of gases and liquids in motion, see [11] for more details. From the standard theory of parabolic equation, local existence and uniqueness of positive solution of the above problem follow. A solution of a evolution equation is said to blow-up in finite time if this solution become unbounded in that finite time. We call blow-up point, the point of the space where solution become unbounded. The set of all blow-up points is called the blow-up set.
We know from Jong-Shenq Guo [8] and from Kavitha S., Bhakya K. [11] that, if q > 0 and for every positive bounded smooth initial data u 0 , the solution u of (1.1) blows up in finite time T . Moreover, if q > 1, u 0 ≤ 0 and
, blow-up occurs on the whole space [0, 1], see [8] .
The blow-up phenomenon has been the focus of many authors in recent years. Some were interested in the theoretical analysis [5, 8, 11] , and others in the numerical one [1, 2, 4, 10, 6, 7, 12] .
This work is concerned with the numerical approximations of (1.1) for the case 0 < q < 1. The case q > 1 has been studied in [6] by Ganon, Taha, Touré. Our aim is to prove the blow-up of the numerical solution and the convergence of the numerical blow-up time without put strong assumption on initial data (we only use assumptions that guarantee the blow-up of solution of the continuous problem), which is not the case of some numerical methods (see Theorems 5-8 in [1] and relation (35) and Remark 3.1 in [3] ). This paper is organized as follows : in the next section, we present a semidiscrete scheme of the problem (1.1). In Section 3, we give some properties of this semidiscrete scheme. In Section 4, under suitable conditions, we prove that the solution of the semidiscrete scheme of (1.1) blows up in finite time and the numerical blow-up time converges to the theoretical one when the mesh size goes to zero. Finally, in the last section, we illustrate our analysis by giving some numerical results.
SEMIDISCRETE PROBLEM
Let I be a positive integer and define the grid x i = ih, i = 0, . . . , I, where h = 1 I is the mesh parameter. We approximate the solution u of the problem (1.1) by the solution U h (t) = (U 0 (t), ..., U I (t)) T of the following semidiscrete scheme
When T h is finite, we say that the solution U h (t) blows up in finite time and the time T h is called the blow-up time of the solution U h (t). Denote
PROPERTIES OF THE SEMIDISCRETE SCHEME
In this section, we give some important results on the semidiscrete scheme that have been proved in [6] , namely :
Let U h be a solution of (2.1)-(2.4),
3) if the initial data at (2.4) verifies δ 2 * ϕ i ≥ 0, i = 0, . . . , I and
The following theorem, proved in [6] shows that under appropriate conditions, problem (2.1)-(2.4) has a unique solution that converges to the theoretical one when the mesh size goes to zero. 
NUMERICAL BLOW-UP
In this section, we prove that the solution U h of the semidiscrete problem Proof. We prove Theorem 4.1 by using the Theorem 1.1 given in [13] by Ushijima. The proof consists in checking three conditions : conditions A0, A1 and A2 (see [13] ).
Step 1 (Condition A0) The solution u of (1.1) blows up in finite time T (see [8, 11] ).
Step 2 (Condition A1) From [8] , we know that u > 0, u x < 0, u t > 0 and u xx > 0. Let us define the functional J as follows :
It is not hard to see that 
Using Jensen's inequality to the inequality above, we obtain
Note that
Now, we define J h , the semidiscretization of J by
By a straightforward computation, we get
and there exists s 0 > 0 such that
Step 3 (Condition A2) Using Theorem 3.1, we show that for any > 0,
Finally, conditions A0, A1 and A2 are satisfied. According to Theorem 1.1 of [13] , we obtain the desired results.
NUMERICAL EXPERIMENTS
In this section, we estimate the numerical blow-up time of (2.1)-(2.4) by using the algorithm proposed by C. Hirota and K. Ozawa [9] . We first transform the semidiscrete scheme (2.1)-(2.4) into a tractable form by the arc length transformation technique like this :
" " is such that d 2 = dt 2 + I i=0 dU 2 i and is called the arc length. The variables t and U i are fonctions of , and C. Hirota and K. Ozawa [9] proved that lim
Secondly, we introduce {v j } which is a sequence of the arc length and we apply an ODE solver (DOP54) to (5.1) for each value of {v j }. We generate then a linearly convergent sequence to the blow-up time, which sequence is finally accelerated by the Aitken ∆ 2 method. The three tolerances parameters, AbsTol, RelTol and InitialStep of the DOP54 (see [9, 7] for more details) are set as follows AbsTol = RelTol = 1.d-15, InitialStep = 0, the sequence of the arc length v j = 2 10 · 2 j (j = 0, . . . , 10) and the initial condition
In the following Tables, T h is the approximate blow-up time corresponding to meshes of I = 16, 32, 64, 128 ; n is the numbers of iterations and the order s of the method is computed from Remark 5.1. The above tables assure the convergence of the numerical blowup time to the continuous one, since the rate of convergence is 2, which is just the accuracy of the difference approximation in space. We also notice that the blow-up time diminishes when the parameter q or γ increases.
Others illustrations are given by some plots in the below figures. Figures 1, 2 and 3 show that the numerical solution blows up in finite time on the whole space for γ > 0 and 0 < q < 1, which is in line with the theoretically established result (see [8] ).
